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Abstract
In this paper we are concerned with the construction of a general principle that will
allow us to produce regular spectral triples with finite and simple dimension spectrum.
We introduce the notion of weak heat kernel asymptotic expansion (WHKAE) property
of a spectral triple and show that the weak heat kernel asymptotic expansion allows one
to conclude that the spectral triple is regular with finite simple dimension spectrum. The
usual heat kernel expansion implies this property. Finally we show that WHKAE is stable
under quantum double suspension, a notion introduced in [11]. Therefore quantum double
suspending compact Riemannian spin manifolds iteratively we get many examples of regular
spectral triples with finite simple dimension spectrum. This covers all the odd dimensional
quantum spheres. Our methods also apply to the case of noncommutative torus.
1 Introduction
Since it’s inception index theorems play a central role in noncommutative geometry. Here
spaces are replaced by explicit K-cycles or finitely summable Fredholm modules. Through
index pairing they pair naturally with K-theory. In the foundational paper Alain Connes intro-
duced cyclic cohomology as a natural recipient of a Chern character homomorphism assigning
cyclic cocycles to finitely summable Fredholm modules. Then the index pairing is computed
by the pairing of cyclic cohomology with K-theory. But finitely summable Fredholm modules
occur as those associated with spectral triples and it was desirable to have cyclic cocycles given
directly in terms of spectral data, that will compute the index pairing. This was achieved by
Connes and Moscovici in [6]. Let us briefly recall their local index formula henceforth to be
abbreviated as LIF. One begins with a spectral triple, i.e., a Hilbert space H, an involutive
subalgebra A of the algebra of bounded operators on H and a self adjoint operator D with
compact resolvent. It is further assumed that the commutators [D,A] give rise to bounded
operators. Such a triple is finitely summable if |D|−p is trace class for some positive p. The
spectral triple is said to be regular if both A and [D,A] are in the domains of δn for all n ≥ 0,
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where δ is the derivation [|D|, ·]. One says that the spectral triple has dimension spectrum Σ, if
for every element b in the smallest algebra B containing A, [D,A] and closed under the deriva-
tion δ, the associated zeta function ζb(z) = Trb|D|−z a priori defined on the right half plane
ℜ(z) > p admits a meromorphic extension to whole of complex plane with poles contained in
Σ. If a spectral triple is regular and has discrete dimension spectrum then given any n-tuple of
non-negative integers k1, k2, · · · , kn one can consider multilinear functionals φk,n defined by
φk,n(a0, a1, · · · , an) = Resz=0Tra0[D, a1](k1)[D, a2](k2) · · · [D, an](kn)|D|−n−2|k|−z, where T (r)
stands for the r-fold commutator [D2, [D2, [· · · [D2, T ] · · · ] and |k| = k1 + · · · + kn. In the
local index formula the components of the local Chern character in the (b,B)-bicomplex is
expressed as a sum
∑
k
ck,nφk,n, where the summation is over all n-tuples of non negative
integers and ck,n’s are some universal constants independent of the particular spectral triple
under consideration. Note that remark II.1 in page 63 of [6] says that if we consider the Dirac
operator associated with a closed Riemannian spin manifold then φk,n’s are zero for |k| 6= 0.
Therefore most of the terms in the local Chern character are visible in truely noncommutative
cases and hence should be interpreted as a signature of noncommutativity. To have a better un-
derstanding of the contribution of these terms it is desirable to have examples where these terms
survive. Even though the Connes-Moscovici paper ended with the hope that in the foliations
example these contributions will be visible it turned out that “even in the case of codimension
one foliations, the printed form of the cocycle takes around one hundred pages” [7]. So the
task of illustrating the LIF in simpler examples remained open. The first illustration was given
by Connes in [8]. This was extended to odd dimensional quantum spheres by Pal and Sundar
in [13]. But to have a good grasp of the formula it is essential to have a systematic family of
examples where one can verify the hypothesis of regularity and discreteness of the dimension
spectrum. To our knowledge only Higson ([9]) made an attempt to this effect. Here in this
article we are also primarily concerned with that goal, namely developing a general procedure
that will allow us to construct regular spectral triples with finite dimension spectrum from
known examples. As in [9] we also draw inspiration from the classical situation. We show that
a hypothesis similar to, but weaker than the heat kernel expansion which we call weak heat
kernel asymptotic expansion implies regularity and discreteness of the dimension spectrum.
The usual heat kernel expansion implies the weak heat kernel expansion. More importantly we
show that the weak heat kernel expansion is stable under quantum double suspension, a notion
introduced in [11]. Therefore by iteratively quantum double suspending compact Riemannian
manifolds we get examples of noncommutative geometries which are regular with finite dimen-
sion spectrum. We show noncommutative torus satisfies the weak heat kernel expansion and
there by satisfies regularity and discreteness of it’s dimension spectrum.
Organization of the paper is as follows. In section 2 we recall the basics of Mellin transform
and asymptotic expansions. In the next section we introduce the weak heat kernel expansion
property and show that this implies regularity and finiteness of the dimension spectrum. We
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also show that the usual heat kernel expansion implies the weak heat kernel expansion. In the
next section we recall the notion of quantum double suspension and show that weak kernel
expansion is stable under quantum double suspension. The weak heat kernel expansion of
noncommutative torus is also established. In the final section we do a topological version of
the theory relevant for applications in quantum homogeneous spaces.
2 Asymptotic expansions and the Mellin transform
First we recall a few basic facts about asymptotic expansions. Let φ : (0,∞) → C be a
continuous function. We say that φ has an asymptotic power series expansion near 0 if there
exists a sequence (ar)
∞
r=0 of complex numbers such that given N there exists ǫ,M > 0 such
that if t ∈ (0, ǫ)
|φ(t) −
N∑
r=0
art
r| ≤MtN+1.
We write φ(t) ∼∑∞0 artr as t→ 0+. Note that the coefficients (ar) are unique. For,
aN = lim
t→0+
φ(t)−∑N−1r=0 artr
tN
. (2.1)
If φ(t) ∼∑∞r=0 artr as t→ 0+ then φ can be extended continuously to [0,∞) simply by letting
φ(0) := a0.
Let X be a topological space and F : [0,∞) ×X → C be a continuous function. Suppose
that for every x ∈ X, the function t→ F (t, x) has an asymptotic expansion near 0
F (t, x) ∼
∞∑
r=0
ar(x)t
r. (2.2)
Let x0 ∈ X. We say that Expansion 2.2 is uniform at x0 if given N there exists an open set
U ⊂ [0,∞) ×X containing (0, x0) and an M > 0 such that for (t, x) ∈ U one has
|F (t, x) −
N∑
r=0
ar(x)t
r| ≤MtN+1.
We say that Expansion 2.2 is uniform if it is uniform at every point of X.
Proposition 2.1 Let X be a topological space and F : [0,∞) × X → C be a continuous
function. Suppose that F has a uniform asymptotic power series expansion
F (t, x) ∼
∞∑
r=0
ar(x)t
r.
Then for every r ≥ 0, the function ar is continuous.
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Proof. It is enough to show that the function a0 is continuous. Let x0 ∈ X be given. Since the
expansion of F is uniform at x0, it follows that there exists an open set U containing x0 and
δ,M > 0 such that
|F (t, x) − a0(x)| ≤Mt for t < δ and x ∈ U. (2.3)
Let Fn(x) := F (
1
n
, x). Then Equation 2.3 says that Fn converges uniformly to a0 on U . Hence
a0 is continuous on U and hence at x0. This completes the proof. ✷
The following two lemmas are easy to prove and we leave the proof to the reader.
Lemma 2.2 Let X,Y be topological spaces. Let F : [0,∞)×X → C and G : [0,∞)×Y → C be
continuous. Suppose that F and G has uniform asymptotic power series expansion. Then the
function H : [0,∞)×X×Y → C defined by H(t, x, y) := F (t, x)G(t, y) has uniform asymptotic
power series expansion.
Moreover if
F (t, x) ∼
∞∑
r=0
ar(x)t
r and G(t, y) ∼
∞∑
r=0
br(y)t
r,
then
H(t, x, y) ∼
∞∑
r=0
cr(x, y)t
r,
where
cr(x, y) :=
∑
m+n=r
am(x)bn(y).
Lemma 2.3 Let φ : [1,∞)→ C be a continuous function. Suppose that for every N ,
sup
t∈[1,∞)
|tNφ(t)| <∞.
Then the function s 7→ ∫∞1 φ(t)ts−1dt is entire.
2.1 The Mellin transform
In this section we recall the definition of the Mellin transform of a function defined on (0,∞) and
analyse the relationship between the asymptotic expansion of a function and the meromorphic
continuation of its Mellin transform. Let us introduce some notations. We say that a function
φ : (0,∞) → C is of rapid decay near infinity if for every N > 0, supt∈[1,∞) |tNφ(t)| is finite.
We let M∞ to be the set of continuous complex valued functions on (0,∞) which has rapid
decay near infinity. For p ∈ R, we let
Mp((0, 1]) : = {φ : (0, 1]→ C : φ is continuous and sup
t∈(0,1]
tp|φ(t)| <∞},
Mp : = {φ ∈M∞ : φ|(0,1] ∈ Mp((0, 1])}.
Note that if p ≤ q then Mp ⊂Mq and Mp((0, 1]) ⊂Mq((0, 1]).
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Definition 2.4 Let φ : (0,∞) → C be a continuous function. Suppose that φ ∈ Mp for some
p. Then the Mellin transform of φ, denoted Mφ, is defined as follows: For Re(s) > p,
Mφ(s) :=
∫ ∞
0
φ(t)ts−1dt.
One can show that if φ ∈ Mp then Mφ is analytic on the right half plane Re(s) > p+ 2. Also
if φ ∈ Mp((0, 1]) then s 7→
∫ 1
0 φ(t)t
s−1 is analytic on Re(s) > p+ 2.
For a < b and K > 0, let Ha,b,K := {σ + it : a ≤ σ ≤ b, |t| > K}.
Definition 2.5 Let F be a meromorphic function on the entire complex plane with simple poles
lying inside the set of integers. We say that F has decay of order r ∈ N along the vertical strips
if the function s 7→ srF (s) is bounded on Ha,b,K for every a < b and K > 0. We say that F is
of rapid decay along the vertical strips if F has decay of order r for every r ∈ N.
Proposition 2.6 Let φ : (0,∞) → C be a continuous function of rapid decay. Assume that
φ(t) ∼∑∞0 artr as t→ 0+. Then we have the following.
(1) The function φ ∈ M0.
(2) The Mellin transform Mφ of φ extends to a meromorphic function to the whole of complex
plane with simple poles in the set of negative integers. {0,−1,−2,−3, · · · }
(3) The residue of Mφ at s = −r is given by Ress=−rMφ(s) = ar.
(4) The meromorphic continuation of the Mellin transform Mφ has decay of order 0 along
the vertical strips.
Proof. By definition it follows that φ ∈ M0. Since φ has rapid decay at infinity, by lemma 2.3,
it follows that the function s 7→ ∫∞1 φ(t)ts−1dt is entire. Thus modulo a holomorphic function
Mφ(s) ≡ ∫ 10 φ(t)ts−1. For N ∈ N, Let RN (t) := φ(t)−∑Nr=0 artr. Thus modulo a holomorphic
function, we have
Mφ(s) ≡
∑
r=0
ar
s+ r
+
∫ 1
0
RN (t)t
s−1dt
As RN ∈ M−(N+1)((0, 1]) the function s 7→
∫ 1
0 RN (t)t
s−1dt is holomorphic on Re(s) > −N+1.
Thus on Re(s) > −N + 1, modulo a holomorphic function, one has
Mφ(s) ≡
N∑
r=0
ar
s+ r
. (2.4)
This shows that Mφ admits a meromorphic continuation to the whole of complex plane and
has simple poles lying in the set of negative integers {0,−1,−2, · · · , }. Also (3) follows from
Equation 2.4.
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Let a < b and K > 0 be given. Choose N ∈ N such that N + a > 0. Then one has
Mφ(s) =
N∑
r=0
ar
s+ r
+
∫ 1
0
RN (t)t
s−1dt+
∫ ∞
1
φ(t)ts−1dt.
As the function s 7→ 1
s+r is bounded for every r ≥ 0 on Ha,b,K , it is enough to show that the
functions ψ(s) :=
∫ 1
0 RN (t)t
s−1dt and χ(s) :=
∫∞
1 φ(t)t
s−1dt are bounded on Ha,b,K.
By definition of the asymptotic expansion, it follows that there exists an M > 0 such that
|RN (t)| ≤MtN+1. Hence for s := σ + it ∈ Ha,b,K,
|ψ(s)| ≤ M
σ +N + 1
≤ M
a+N + 1
≤M.
Thus ψ is bounded on Ha,b,K .
Now for s := σ + it ∈ Ha,b,K , we have
|χ(s)| ≤
∫ ∞
1
|φ(t)|tσ−1dt ≤
∫ ∞
1
|φ(t)|tb−1dt.
Since φ is of rapid decay, the integral
∫∞
1 |φ(t)|ta−1dt is finite. Hence χ is bounded on Ha,b,K .
This completes the proof. ✷
Corollary 2.7 Let φ : (0,∞) 7→ C be a smooth function. Assume that for every n, the nth
derivative φ(n) has rapid decay at infinity and admits an asymptotic power series expansion
near 0.
(1) For every n, the Mellin transform Mφ(n) of φ(n) extends to a meromorphic function to the
whole of complex plane with simple poles in the set of negative integers {0,−1,−2,−3, · · · }.
(2) The meromorphic continuation of the Mellin transform Mφ is of rapid decay along the
vertical strips.
Proof. (1) follows from Proposition 2.6. To prove (2), observe that Mφ
′
(s + 1) = −sMφ(s).
For Re(s)≫ 0,
Mφ
′
(s+ 1) : =
∫ ∞
0
φ
′
(t)tsdt
= −
∫ ∞
0
sφ(t)ts−1dt ( follows from integration by parts)
= −sMφ(s).
As Mφ
′
and Mφ are meromorphic, it follows that Mφ
′
(s + 1) = −sMφ(s). Now a repeated
application of this equation gives
Mφ(s) := (−1)n Mφ
(n)(s+ n)
s(s+ 1) · · · (s+ n− 1) . (2.5)
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Now let a < b,K > 0 and r ∈ N be given. Now (3) of Proposition 2.6 applied to φ(r) ,
together with Equation 2.5, implies that the function s 7→ srMφ(s) is bounded on Ha,b,K . This
completes the proof. ✷
The following proposition shows how to pass from the decay properties of the Mellin trans-
form of a function to the asymptotic expansion property of the function.
Proposition 2.8 Let φ ∈ Mp for some p. Assume that the Mellin transform Mφ is meromor-
phic on the entire complex plane with poles lying in the set of negative integers {0,−1,−2, · · · }.
Suppose that the meromorphic continuation of the Mellin transform Mφ is of rapid decay along
the vertical strips. Then the function φ has an asymptotic expansion near 0.
Moreover if ar := Ress=−rMφ(s) then φ(t) ∼
∑∞
r=0 art
r near 0.
Proof. The proof is a simple application of the inverse Mellin transform. Let M ≫ 0. Then
one has the following inversion formula.
φ(t) =
∫ M+∞
M−i∞
Mφ(s)t−sds
Define Ft(s) := Mφ(s)t
−s. Suppose N ∈ N be given. Let σ ∈ (−N − 1,−N) be given. For
every A > 0, by Cauchy’s integral formula, we have
∫ M+iA
M−iA
Ft(s)ds+
∫ σ+iA
M+iA
Ft(s)ds+
∫ σ−iA
σ+iA
Ft(s)ds+
∫ M−iA
σ−iA
Ft(s)ds =
N∑
r=0
Ress=−rFt(s) (2.6)
For a fixed t, Ft has rapid decay along the vertical strips. Thus when A→∞ the second and
fourth integrals in Equation 2.6 vanishes and we obtain the following equation
φ(t)−
N∑
r=0
art
r =
∫ σ+i∞
σ−i∞
Mφ(s)t−sds (2.7)
But Mφ(σ+ it) has rapid decay in t. Let Mσ :=
∫∞
−∞ |Mφ(σ+ it)|. Then Equation 2.7 implies
that
|φ(t)−
N∑
r=0
art
r| ≤Mσt−σ ≤MσtN for t ≤ 1
Thus we have shown that for every N , RN (t) := φ(t)−
∑N
r=0 art
r = O(tN ) as t→ 0 and hence
RN−1(t) = RN (t) + aN t
N = O(tN ) as t→ 0. This completes the proof. ✷
3 The weak heat kernel asymptotic expansion property and the
dimension spectrum of spectral triples
In this section we consider a property of spectral triples which we call the weak heat kernel
asymptotic expansion property. We show that a spectral triple having the weak heat kernel
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asymptotic expansion property is regular and has finite dimension spectrum lying in the set of
postive integers.
Definition 3.1 Let (A,H,D) be a p+ summable spectral triple for a C∗ algebra A where A is
a dense ∗ subalgebra of A. We say that the spectral triple (A,H,D) has the weak heat kernel
asymptotic expansion property if there exists a ∗ subalgebra B ⊂ B(H) such that
(1) The algebra B contains A,
(2) The unbounded derivations δ := [|D|, .] leaves B invariant. Also the unbounded derivation
d := [D, .] maps A into B.
(3) The algebra B is invariant under the left multiplication by F where F := sign(D).
(4) For every b ∈ B, the function τp,b : (0,∞) 7→ C defined by τp,b(t) = tpTr(be−t|D|) has an
asymptotic power series expansion.
If the algebra A is unital and the representation of A on H is unital then (3) can be replaced
by the condition F ∈ B. The next proposition proves that an odd spectral triple that has the
heat kernel asymptotic expansion property is regular and has simple dimension spectrum.
Proposition 3.2 Let (A,H,D) be a p+ summable spectral triple which has the weak heat
kernel asymptotic expansion property. Then the spectral triple (A,H,D) is regular and has finite
simple dimension spectrum. Moreover the dimension spectrum is contained in {1, 2, · · · , p}.
Proof. Let B ⊂ B(H) be a ∗ algebra for which (1)− (4) of Definition 3.1 is satisfied. The fact
that B satisfies (1) and (2) imples that the spectral triple (A,H,D) is regular. First we assume
that D is invertible. Let b ∈ B be given.
Since |D|−q is trace class for q > p, it follows that for every N > p there exists an M > 0
such that Tr(e−t|D|) ≤Mt−NTr(|D|−N ). Now for 1 ≤ t <∞ and N ≥ p one has
|Tr(be−t|D|)| ≤ ‖b‖Tr(e−t|D|)
≤ ‖b‖Mt−NTr(|D|−N )
Thus the function t 7→ Tr(be−t|D|) is of rapid decay near infinity. Now observe that for
Re(s)≫ 0
Tr(b|D|−s) = 1
Γ(s)
∫ ∞
0
Tr(be−t|D|)ts−1dt (3.8)
By assumption the function φ(t) := tpTr(be−t|D|) has an asymptotic power series expansion
near 0. By Equation 3.8, it follows that Mφ(s) = Γ(s+ p)Tr(b|D|−s−p). Now Propostition 2.6
implies that the function s 7→ Γ(s)Tr(b|D|−s) is meromorphic with simple poles lying inside
{n ∈ Z : n ≤ p}. As 1Γ(s) is entire and has simple zeros at {k : k ≤ 0}, it follows that the
function s→ Tr(b|D|−s) is meromorphic and has simple poles with poles lying in {1, 2, · · · , p}.
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Suppose D is not invertible. Let P denote the projection onto the kernel of D which is
finite dimensional. Let D
′
:= D + P and b be an element in B∞. Now note that
Tr(be−t|D
′
|) = Tr(PbP )e−t + Tr(be−t|D|)
Hence the function t → tpTr(be−t|D
′
|) has an asymptotic power series expansion. Thus the
function s→ Tr(b|D′ |−s) is meromorphic with simple poles lying in {1, 2, · · · , p}. Observe that
for Re(s)≫ 0, Tr(b|D′ |−s) = Tr(b|D|−s). Hence the function s→ Tr(b|D|−s) is meromorphic
with simple poles lying in {1, 2, · · · , p}. This completes the proof. ✷
Remark 3.3 If Tr(be−t|D|) ∼∑∞r=−p ar(b)tr then (3) of Proposition 2.6 imples that
Resz=kTr(b|D|−z) = 1
k!
a−k(b) for 1 ≤ k ≤ p
Tr(b|D|−z)z=0 = a0(b)
Remark 3.4 Let (A,H,D) be a spectral triple which has the weak heat kernel asymptotic
expansion property. Then the dimension spectrum Σ is finite and lies in the set of positive
integers. We call the greatest element in the dimension spectrum as the dimension of the
spectral triple (A,H,D). If Σ is empty we set the dimension to be 0.
Now in the next proposition we show that the usual heat kernel asymptotic expanansion implies
the weak heat kernel asymptotic expansion.
Proposition 3.5 Let (A,H,D) be a p+ summable spectral triple for a C∗ algebra A. Suppose
that B is a ∗ subalgebra of B(H) satisfying (1) − (4) of Definition 3.1. Assume that for every
b ∈ B, the function σp,b : (0,∞) → C defined by σp,b(t) := tpTr(be−t2D2) has an asymptotic
power series expansion.
Then for every b ∈ B, the function τp,b : t 7→ tpTr(be−t|D|) has an asymptotic power series
expansion.
Proof. It is enough to consider the case whereD is invertible. Let b ∈ B be given. Let ψ denotes
the Mellin transform of the function t 7→ Tr(be−t2D2) and χ denote the Mellin transform of the
function t 7→ Tr(be−t|D|). Then a simple change of variables shows that ψ(s) = Γ(
s
2
)
2 Tr(b|D|−s).
But then χ(s) = Γ(s)Tr(b|D|−s). Thus we obtain the equation
χ(s) =
2Γ(s)
Γ( s2 )
ψ(s)
But we have following duplication formula for the gamma function
Γ(s)Γ(s+
1
2
) = 21−2s
√
πΓ(2s)
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Hence one has
χ(s) =
1√
π
2sΓ(
s+ 1
2
)ψ(s)
Now Proposition 2.6 implies that ψ has decay of order 0 along the vertical strips and has
simple poles lying inside {n ∈ Z : n ≤ p}. Since the gamma function has rapid decay along the
vertical strips, it follows that χ has rapid decay along the vertical strips and has poles lying
in {n ∈ Z : n ≤ p}. If χ˜ denotes the Mellin transform of τp(., b) then χ˜(s) = χ(s + p). Hence
χ˜ has rapid decay along the vertical strips and has poles lying in the set of negative integers.
Now Proposition 2.8 implies that the map t → tpTr(be−t|D|) has an asymptotic power series
expansion near 0. This completes the proof. ✷
4 Stability of the weak heat kernel expansion property and the
quantum double suspension
Let us recall the definition of the quantum double suspension of a unital C∗ algebra . The
quantum double suspension is first defined in [11] and our equivalent definition is as in [12].
Let us fix some notations. We denote the left shift on ℓ2(N) by S which is defined on the
standard orthonormal basis (en) as Sen = en−1 and p denote the projection |e0〉〈e0|. The
number operator on ℓ2(N) is denoted by N and defined as Nen := nen. We denote the C
∗
algebra generated by S in B(ℓ2(N)) by T which is the toeplitz algebra. Note that SS∗ = 1
and p = 1 − S∗S. Let σ : T → C(T) be the symbol map which sends S to the generating
unitary z. Then one has the following exact sequence
0→ K → T σ→ C(T)→ 0
Definition 4.1 Let A be a unital C∗ algebra. Then the quantum double suspension of A
denoted Σ2(A) is the C∗ algebra generated by A⊗ p and 1⊗ S in A⊗T .
Let A be a unital C∗ algebra. One has the following exact sequence.
0→ A⊗K(ℓ2(N))→ Σ2(A) ρ→ C(T)→ 0
where ρ is just the restriction of 1⊗ σ to Σ2(A).
Remark 4.2 It can be easily shown that Σ2(C(T)) = C(SUq(2)) and more generally one can
show that Σ2(C(S2n−1q )) = C(S
2n+1
q ). We refer to [11] or Lemma 3.2 of [13] for the proof.
Thus the odd dimensional quantum spheres can be obtained from the circle T by applying the
quantum double suspension recursively.
Let A be a dense ∗ subalgebra of a C∗ algebra A. Define
Σ2alg(A) := span{a⊗ k, 1 ⊗ Sn, 1⊗ S∗m : a ∈ A, k ∈ S(ℓ2(N)), n,m ≥ 0}
10
where S(ℓ2(N)) := {(amn) :
∑
m,n(1 +m+ n)
p|amn| <∞ for every p}.
Then Σ2alg(A) is just the ∗ algebra generated by A⊗alg S(ℓ2(N) and 1⊗S. Clearly Σ2alg(A)
is a dense subalgebra of Σ2(A).
Definition 4.3 Let (A,H,D) be a spectral triple and denote the sign of the operator D by F .
Then the spectral triple (Σ2alg(A),H⊗ ℓ2(N),Σ2(D) := ((F ⊗ 1)(|D| ⊗ 1 + 1⊗N)) is called the
quantum double suspension of the spectral triple (A,H,D).
4.1 Stability of the weak heat kernel expansion
We consider the stability of the weak heat kernel expansion under quantum double suspension.
First observe that the following are easily verifiable.
(1) The spectral triple (S(ℓ2(N)), ℓ2(N), N) has the weak heat kernel asymptotic expansion
with dimension 0.
(2) Let (Ai,Hi,Di) be a spectral triple with the weak heat kernel asymptotic expansion prop-
erty with dimension pi for 1 ≤ i ≤ n. Then the spectral triple (⊕ni=1Ai,⊕ni=1Hi,⊕ni=1Di)
has the weak heat kernel expansion property with dimension p := max{pi : 1 ≤ i ≤ n}.
(3) If (A,H,D) is a spectral triple with the weak heat kernel asymptotic expansion property
and has dimension p then (A,H, |D|) also has the weak heat kernel asymptotic expansion
with the same dimension p.
(4) Let (A,H,D) be a spectral triple with the weak heat kernel asymptotic expansion prop-
erty with dimension p. Then the amplification (A⊗ 1,H ⊗ ℓ2(N), |D| ⊗ 1 + 1 ⊗N) also
has the asymptotic expansion property with dimension p+ 1.
We start by proving the stability of the weak heat kernel expansion under tensoring by
compacts.
Proposition 4.4 Let (A,H,D) be a spectral triple with the weak heat kernel asymptotic expan-
sion property of dimension p. Then (A⊗algS(ℓ2(N)),H⊗ℓ2(N),D0 := (F ⊗1)(|D|⊗1+1⊗N))
also has the weak heat kernel asymptotic expansion property with dimension p.
Proof. Let B ⊂ B(H) be a ∗ subalgebra for which (1) − (4) of Definition 3.1 are satisfied. We
denote B⊗alg S(ℓ2(N)) by B0. We show that B0 satisfies (1)− (4) of Definition 3.1. Clearly (1)
holds.
We denote the unbounded derivation [|D0|, .],[|D|, .] and [N, .] by δD0 , δD and δN respec-
tively. By assumption δD leaves B invariant. Clearly B⊗algS(ℓ2(N)) is contained in the domain
of δD0 and δD0 = δD⊗1+1⊗δN on B⊗algS(ℓ2(N)). Similarly one can show that the unbounded
derivation [D0, .] maps A⊗alg S(ℓ2(N)) into B0 invariant.
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As F0 := sign(D0) = F ⊗ 1, (3) is clear. Now (4) follows from Lemma2.2 and the equality
tpTr((b⊗ k)e−t|D0| = tpTr(be−t|D|)Tr(ke−tN ). This completes the proof. ✷
Now we consider the stability of the heat kernel asymptotic expansion under the double
suspension.
Proposition 4.5 Let (A,H,D) be a spectral triple with the weak heat kernel asymptotic ex-
pansion property of dimension p. Assume that the algebra A is unital and the representation
on H is unital. Then the spectral triple (Σ2(A),H⊗ℓ2(N),Σ2(D)) also has the weak heat kernel
asymptotic expansion property with dimension p+ 1.
Proof. We denote Σ2(D) byD0. Let B be a ∗ subalgebra of B(H) for which (1)−(4) of Definition
3.1 are satisfied. For f =
∑
n λnz
n ∈ C∞(T) , we let σ(f) := ∑n≥0 λnSn +∑n>0 λ−nS∗n.
We denote the projection 1+F2 by P . We let B0 to denote the algebra B ⊗alg S(ℓ2(N)) as in
Proposition 4.4. As in Proposition 4.4, we let δD0 , δD, δN to denote the unbounded derivations
[|D0|, .], [|D|, .] and [N, .] respectively. Define
B˜ := {b+ P ⊗ σ(f) + (1− P )⊗ σ(g) : b ∈ B0, f, g ∈ C∞(T)}
Now it is clear that B˜ satisfies (1) of Definition 3.1.
We have already shown in Proposition 4.4 that B0 is closed under δD0 and d0 := [D0, .]
maps A⊗ S(ℓ2(N)) into B0. Now note that
δD0(P ⊗ σ(f)) = P ⊗ σ(if
′
)
δD0((1 − P )⊗ σ(g)) = (1− P )⊗ σ(ig
′
)
[D0, P ⊗ σ(f)] = P ⊗ σ(if ′)
[D0, (1 − P )⊗ σ(g)] = −(1− P )⊗ σ(ig′)
Thus it follows that δD0 leaves B˜ invariant and d0 := [D0, .] maps Σ2(A) into B˜.
Since F0 := sign(D0) = F ⊗ 1, it follows from definition that F0 ∈ B˜. Now we show that B˜
satisfies (4).
We have already shown in Proposition 4.4 that given b ∈ B0, the function τp,b(t) =
tpTr(be−t|D0|) has an asymptotic expansion. Hence the function τp+1,b has an asymptotic
expansion for every b ∈ B0. Now note that
τp+1,P⊗σ(f)(t) = (
∫
f(θ)dθ)tpTr(Pe−t|D|)tT r(e−tN ) (4.9)
τp+1,(1−P )⊗σ(g)(t) = (
∫
g(θ)dθ)tpTr((1− P )e−t|D|)tT r(e−tN )) (4.10)
Now recall that we have assumed that A is unital and hence P ∈ B. Hence tpTr(xe−t|D|) has
an asymptotic power series expansion for x ∈ {P, 1 − P}. Thus tT r(e−tN ) has an asymptotic
power series expansion. From Equation 4.9, Equation 4.10 and from the earlier observation
that τp+1,b has an asymptotic power series expansion for b ∈ B0, it follows that for every b ∈ B˜,
the function τp+1,b has an asymptotic power series expansion. This completes the proof. ✷
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4.2 Higson’s differential pair and the heat kernel expansion
Now we discuss some examples of spectral triples which satisfy the weak heat kernel asymptotic
expansion property. In particular we discuss the spectral triple associated to noncommutative
torus and the classical spectral triple associated to a spin manifold. Let us recall Higson’s
notion of a differential pair as defined in [10].
Consider a Hilbert space H and a positive, selfadjoint and an unbounded ∆ on H. We
assume that ∆ has compact resolvent. For k ∈ N, we let Hk be the domain of the operator ∆
k
2 .
The vector space Hk is given a Hilbert space structure by identifying Hk with the graph of the
operator ∆
k
2 . Denote the intersection
⋂
kHk by H∞. An operator T : H∞ →H∞ is said to be
of analytic order ≤ m where m ∈ Z if T extends to a bounded operator from Hk+m → Hk for
every k. We say an operator T on H∞ has analytic order −∞ if T has analytic order less than
−m for every m > 0. The following definition is due to Higson. ( Refer [10])
Definition 4.6 Let ∆ be a positive, unbounded, selfadjoint operator on a Hilbert space H with
compact resolvent. Suppose that D := ⋃p≥0Dq is a filtered algebra of operators on H∞. The
pair (D,∆) is called a differential pair if the following conditions hold.
1. The algebra D is invariant under the derivation T → [∆, T ].
2. If X ∈ Dq, then [∆,X] ∈ Dq+1.
3. If X ∈ Dq, then the analytic order of X ≤ q.
Now let us recall Higson’s definition of pseudodifferential operators.
Definition 4.7 Let (D,∆) be a differential pair. We denote the orthogonal projection onto the
kernel of ∆ by P . Then P is of finite rank as ∆ has compact resolvent. Let ∆1 := ∆ + P .
Then ∆1 is invertible.
A linear operator T on H∞ is called a basic pseudodifferential operator of order ≤ k is for
every ℓ there exists m and X ∈ Dm+k such that
T = X∆
−m
2
1 +R
where R has analytic order less than or equal to ℓ.
A finite linear combinations of basic pseudodifferential operator of order ≤ k is called a
pseudodifferential operator of order ≤ k.
We denote the set of pseudodifferential operators of order ≤ 0 by Ψ0(D,∆). It is proved
in [10] that the pseudodifferential operators of order ≤ 0 is infact an algebra. We need the
following proposition due to Higson. Denote the derivation T 7→ [∆ 12 , T ] by δ.
Proposition 4.8 Let (D,∆) be a differential pair. The derivation δ leaves the algebra Ψ0(D,∆)
invariant.
13
Let (D,∆) be a differential pair. Assume that ∆− r2 is trace class for some r > 0. We say
that the analytic dimension of D,∆) is p if
p := inf{q > 0 : ∆−r2 is trace class for every r > q}
us make the following definition of the heat kernel expansion for a differential pair.
Definition 4.9 Let (D,∆) be a differential pair of analytic dimension p. We say that (D,∆)
has a heat kernel expansion if for X ∈ Dm, the function t 7→ tp+mTr(Xe−t2∆) has an asymptotic
expansion near 0.
Now we show that if (D.∆) has the heat kernel expansion then the algebra Ψ0(D,∆) has
the weak heat kernel expansion.
Proposition 4.10 Let (D,∆) be a differential pair of analytic dimension p having the heat
kernel expansion. Denote the operator ∆
1
2 by |D|. Then for every b ∈ Ψ0(D,∆), the function
t 7→ tpTr(be−t|D|) has an asymptotic power series expansion.
Proof. First observe that if R : H∞ → H∞ is an operator of analytic order < −p− n− 1 then
R|D|n+1 is trace class and hence by Taylor’s series
Tr(Re−t|D|) =
n∑
k=0
(−1)kTr(R|D|k)
k!
tk +O(tn+1)
for t near 0. Thus it is enough to show the result when b = X∆
−m
2
1 . For an operator T on H∞,
let ζT (s) := Tr(X|D|−s). Then ζb(s) := ζX(s +m). As in Proposition 3.5 one can show that
Γ(s)ζX(s) has rapid decay along the vertical strips. Now
Γ(s)ζb(s) =
Γ(s)
Γ(s+m)
Γ(s+m)ζX(s+m)
Hence Γ(s)ζb(s) has rapid decay along the vertical strips. But Γ(s)ζb(s) is the Mellin transform
of Tr(be−t|D|). Hence by Proposition 2.8, it follows that tpTr(be−t|D|) has an asymptotic power
series expansion. This completes the proof. ✷
We make use of the following proposition to prove that spectral triple associated to the NC
torus and that of a spin manifold posses the weak heat kernel expansion property.
Proposition 4.11 Let (A,H,D) be a finitely summable spectral triple and ∆ := D2. Suppose
that there exists an algebra of operators D :=
⋃
p≥0Dp such that (D,∆) is a differential pair of
analytic dimension p. Assume that (D,∆) satisfies the following
1. The algebra D0 contains A and [D,A].
2. The differential pair (D,∆) has the heat kernel expansion property.
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3. The operator D ∈ D1.
Then the spectral triple (A,H,D) has the weak heat kernel asymptotic expansion property.
Proof. Without loss of generality, we can assume that D is invertible. We let B be the
algebra of pseudodifferential operators of order 0 associated to (D,∆) . Now Proposition 4.8
together with the fact that D0 ⊂ B shows that B contains A and [D,A] and is invariant under
δ := [|D|, .]. Since D ∈ D1, it follows that F := D∆
−1
2 ∈ B. Now (4) of Definition 3.1 follows
from Proposition 4.10. This completes the proof. ✷
4.3 Examples
Now we discuss some examples of spectral triples which satisfy the weak heat kernel asymptotic
expansion. We start with the classical example.
Let M be a Reimannian spin manifold and S → M be a spinor bundle. We denote the
Hilbert space of square integrable sections on L2(M,S) by H. We represent C∞(M) on H by
multiplication operators. Let D be the Dirac operator associated with Levi-Civita connection.
Then the triple (C∞(M),H,D) is a spectral triple. Then the operator D2 is then a generalised
Laplacian ( Refer [1]). Let D denote the usual algebra of differential operators on S. Then
(D,∆) is a differential pair. Moreover Proposition 2.4.6 in [1] implies that (D,∆) has the
heat kernel expansion. Also D ∈ D1. Now Proposition 4.11 implies that the spectral triple
(C∞(M),H,D) has the weak heat kernel asymptotic expansion.
4.3.1 The spectral triple associated to the NC torus
Let us recall the definition of the Noncommutative torus which we abbreviate as NC torus.
Throughout we assume that θ ∈ [0, 2π).
Definition 4.12 The C∗ algebra Aθ is defined as the universal C
∗ algebra generated by two
unitaries u and v such that uv = eiθvu
Define the operators U and V on ℓ2(Z2) as follows:
Uem,n := em+1,n
V em,n := e
−inθem,n+1
where {em,n} denotes the standard orthonormal basis on ℓ2(Z2). Then it is well known that
u→ U and v → V gives a faithful representation of the C∗ algebra Aθ.
Consider the positive selfadjoint operator ∆ on H := ℓ2(Z2) defined on the orthonormal
basis {em,n} by ∆(em,n) = (m2 + n2)em,n. For a polynomial P = p(m,n), define the operator
TP on H∞ by TP (em,n) := p(m,n)em,n. The group Z2 acts on the algebra of polynomials as
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follows. For x := (a, b) ∈ Z2 and P := p(m,n), define x.P := p(m− a, n− b). We denote (1, 0)
by e1 and (0, 1) by e2.
Note that if P is a polynomial of degree ≤ k, then TP∆− k2 is bounded on Ker(∆)⊥. Thus
it follows that if P is a polynomial of degree ≤ k then TP has analytic order ≤ k.
Also note that
∆
k
2
1 U∆
−k
2
1 em,n :=
((m+ 1)2 + n2)
k
2
(m2 + n2)
k
2
em+1,n if (m,n) 6= 0
Thus it follows that U is of analytic order ≤ 0. Similary one can show that V is of analytic
order ≤ 0. Now note the following commuatation relationship
UTP : = Te1.PU (4.11)
V TP : = Te1.PV (4.12)
Thus it follows that [∆, UαV β] = TQU
αV β for some degree 1 polynomial Q.
Let us define Dp := span{TPα,βUαV β : deg(Pα,β) ≤ k} and let D :=
⋃
pDp. The above
observations can be rephrased into the following proposition.
Proposition 4.13 The pair (D,∆) is a differential pair of analytic dimension 2.
Now we show that the differential pair (D,∆) has the heat kernel expansion.
Proposition 4.14 The differential pair (D,∆) has the heat kernel expansion property.
Proof. Let X ∈ Dq be given. It is enough to consider the case when X := TPUαV β. First note
that Tr(Xe−t∆) = 0 unless (α, β) = 0. Now let X := TP . Again it is enough to consider the
case when P is a monomial. Let P = p(m,n) = mk1nk2 . Now
Tr(TP e
−t∆) = (
∑
m∈Z
mk1e−tm
2
)(
∑
n∈Z
nk2e−tn
2
)
Now the asymptotic expansion follows from applying Proposition 2.4.6 in [1] to the standard
Laplacian on the circle. This completes the proof. ✷
Let Aθ be the ∗ algebra generated by U and V . We consider the direct sum representation of
Aθ onH⊕H. DefineD :=
[
0 Tm−in
Tm+in 0
]
. ThenD is selfadjoint onH⊕H andD2 =
[
∆ 0
0 ∆
]
.
It is well known that (Aθ,H⊕H,D) is a 2+ summable spectral triple.
Proposition 4.15 The spectral triple (Aθ,H ⊕ H,D) has the weak heat kernel asymptotic
expansion property.
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Proof. Let (D,∆) be the differential pair considered in Proposition 4.13. Then the amplification
(D′ := M2(D),D2) is a differential pair. Note that D ∈ D′1. Clearly Aθ ∈ D
′
. Note the
commutation relations
[Tm±in, U ] = U
[Tm±in, V ] = ±iV
This implies that [D,Aθ] ⊂ D′0. Since (D,∆) has the heat kernel expansion, it follows
that the differential pair (M2(D),D2) also has the heat kernel expansion. Now Proposition
4.11 implies that the spectral triple (Aθ,H⊕H,D) has the weak heat kernel expansion. This
completes the proof. ✷
4.3.2 The torus equivariant spectral triple on the odd dimensional quantum
spheres
In this section we recall the spectral triple for the odd dimensional quantum spheres given in
[4]. We begin with some known facts about odd dimensional quantum spheres. Let q ∈ (0, 1].
The C∗-algebra C(S2ℓ+1q ) of the quantum sphere S
2ℓ+1
q is the universal C
∗-algebra generated
by elements z1, z2, . . . , zℓ+1 satisfying the following relations (see [11]):
zizj = qzjzi, 1 ≤ j < i ≤ ℓ+ 1,
z∗i zj = qzjz
∗
i , 1 ≤ i 6= j ≤ ℓ+ 1,
ziz
∗
i − z∗i zi + (1− q2)
∑
k>i
zkz
∗
k = 0, 1 ≤ i ≤ ℓ+ 1,
ℓ+1∑
i=1
ziz
∗
i = 1.
We will denote by A(S2ℓ+1q ) the *-subalgebra of Aℓ generated by the zj ’s. Note that for ℓ = 0,
the C∗-algebra C(S2ℓ+1q ) is the algebra of continuous functions C(T) on the torus and for ℓ = 1,
it is C(SUq(2)).
There is a natural torus group Tℓ+1 action τ on C(S2ℓ+1q ) as follows. For w = (w1, . . . , wℓ+1),
define an automorphism τw by τw(zi) = wizi.
Recall that N is the number operator on ℓ2(N) and S is the left shift on ℓ2(N). We also use
the same notation S for the left shift on ℓ2(Z). We let Hℓ denote the Hilbert space ℓ2(Nℓ×Z).
Let Yk,q be the following operators on Hℓ:
Yk,q =


qN ⊗ . . .⊗ qN︸ ︷︷ ︸
k−1 copies
⊗
√
1− q2NS∗ ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
ℓ+1−k copies
, if 1 ≤ k ≤ ℓ,
qN ⊗ · · · ⊗ qN︸ ︷︷ ︸
ℓ copies
⊗S∗, if k = ℓ+ 1.
(4.13)
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Then πℓ : zk 7→ Yk,q gives a faithful representation of C(S2ℓ+1q ) on Hℓ for q ∈ (0, 1) (see
lemma 4.1 and remark 4.5, [11]). We will denote the image πℓ(C(S
2ℓ+1
q )) by Aℓ(q) or by just
Aℓ.
Let {eγ : γ ∈ ΓΣℓ} be the standard orthonormal basis for Hℓ. We recall the following
theorem from [4].
Theorem 4.16 ([4]) Let Dℓ be the operator eγ → d(γ)eγ on Hℓ where the dγ ’s are given by
d(γ) =
{
γ1 + γ2 + · · · γℓ + |γℓ+1| if γℓ+1 ≥ 0
−(γ1 + γ2 + · · · γℓ + |γℓ+1|) if γℓ+1 < 0
Then (A(S2ℓ+1q ),Hℓ,Dℓ) is a non-trivial (ℓ+ 1) summable spectral triple.
But to deduce that the spectral triple (A(S2ℓ+1q ),Hℓ,Dℓ) satisfies the weak heat kernel
asymptotic expansion, we need a topological version of Definition 3.1 and Proposition 4.5. We
do this in the next section.
5 Smooth subalgebras and the weak heat kernel asymptotic
expansion
First we recall the definition of smooth subalgebras of C∗ algebras. For an algebra A (possibly
non-unital), we denote the algebra obtained by adjoining a unit to A by A+.
Definition 5.1 Let A be a unital C∗ algebra. A dense unital ∗ subalgebra A∞ is called smooth
in A if
1. The algebra A∞ is a Fre´chet ∗ algebra.
2. The unital inclusion A∞ ⊂ A is continuous.
3. The algebra A∞ is spectrally invariant in A i.e. if an element a ∈ A∞ is invertible in A
then a−1 ∈ A∞.
Suppose A is a non-unital C∗ algebra. A dense Fre´chet ∗ subalgebra A∞ is said to be smooth
in A if (A∞)+ is smooth in A+.
We also assume that our smooth subalgebras satisfy the condition that if A∞ ⊂ A is smooth
then A∞⊗ˆπS(ℓ2(Nk)) ⊂ A⊗K(ℓ2(Nk)) is smooth.
Let A be a unital C∗ algebra and A∞ be a smooth unital ∗ subalgebra of A. Assume that
the topology on A∞ is given by the countable family of seminorms (‖ · ‖p). Let us denote the
18
operator 1⊗ S by α. Define the smooth quantum double suspension of A∞ as follows
Σ2(A∞) :=

∑
j,k∈N
α∗j(ajk ⊗ p)αk +
∑
k≥0
λkα
k +
∑
k>0
λ−kα
∗k : ajk ∈ A∞,
∑
j,k
(1 + j + k)n‖ajk‖p <∞, (λk) is rapidly decreasing

 . (5.14)
Now let us topologize Σ2(A∞) by defining a seminorm ‖ ‖n,p for every n, p ≥ 0. For an element
a :=
∑
j,k∈N
α∗j(ajk ⊗ p)αk +
∑
k≥0
λkα
k +
∑
k>0
λ−kα
∗k
in Σ2(A∞) we define ‖a‖n,p by
‖a‖n,p :=
∑
j,k∈N
(1 + |j| + |k|)n‖ajk‖p +
∑
k∈Z
(1 + |k|)n|λk|
It is easily verifiable that
1. The subspace Σ2(A∞) is a dense ∗ subalgebra of Σ2(A).
2. The topology on Σ2(A∞) induced by the seminorms (‖ ‖n,p) makes Σ2(A∞) a Fre´chet ∗
algebra.
3. The unital inclusion Σ2(A∞) ⊂ Σ2(A) is continuous.
The next proposition proves that the Fre´chet algebra Σ2(A∞) is infact smooth in Σ2(A).
Proposition 5.2 Let A be a unital C∗ algebra and let A∞ ⊂ A be a unital smooth subalgebra
such that A∞⊗ˆπS(ℓ2(Nk)) ⊂ A ⊗ K(ℓ2(Nk)) is smooth for every k ∈ N. Then the algebra
Σ2(A∞)⊗ˆπS(ℓ2(Nk)) is smooth in Σ2(A)⊗K(ℓ2(Nk)) for every k ≥ 0. Z
Proof. Let us denote the restriction of 1 ⊗ σ to Σ2(A) by ρ. Recall the σ : T → C(T) is the
symbol map sending S to the generating unitary. Then one has the following exact sequence
at the C∗ algebra level
0→ A⊗K(ℓ2(N))→ Σ2(A) ρ→ C(T)→ 0
At the subalgebra level one has the following “sub” exact sequence
0→ A∞⊗ˆπS(ℓ2(N))→ Σ2(A∞) ρ→ C∞(T)→ 0
Since A∞⊗ˆπS(ℓ2(N)) ⊂ A ⊗ K(ℓ2(N)) and C∞(T) ⊂ C(T) are smooth, it follows from theo-
rem 3.2, part 2, [15] that Σ2(A∞) is smooth in Σ2(A). One can prove that Σ2(A∞)⊗ˆπS(ℓ2(Nk))
is smooth in Σ2(A)⊗K(ℓ2(Nk)) for every k > 0 along the same lines first by tensoring the C∗
algebra exact sequence by K(ℓ2(Nk)) and then by tensoring the Fre´chet algebra exact sequence
by S(ℓ2(Nk)) and appealing to Theorem 3.2,part 2 of [15]. This completes the proof. ✷
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5.1 The topological weak heat kernel expansion
We need the following version of the weak heat kernel expansion.
Definition 5.3 Let (A∞,H,D) be a p+ summable spectral triple for a C∗ algebra A where
A∞ is smooth in A. We say that the spectral triple (A∞,H,D) has the topological weak heat
kernel asymptotic expansion property if there exists a ∗ subalgebra B∞ ⊂ B(H) such that
(1) The algebra B∞ has a Fre´chet space structure and endowed with it it is a Fre´chet ∗
algebra.
(2) The algebra B∞ contains A∞.
(3) The inclusion B∞ ⊂ B(H) is continuous.
(4) The unbounded derivations δ := [|D|, .] leaves B∞ invariant and is continuous. Also the
unbounded derivation d := [D, .] maps A∞ into B∞ in a continuous fashion.
(5) The left multiplication by the operator F := sign(D) denoted LF leaves B∞ invariant and
is continuous.
(6) The function τp : (0,∞) × B∞ → C defined by τp(t, b) = tpTr(be−t|D|) has a uniform
asymptotic power series expansion.
We need the following analog of Proposition 4.4 and Proposition 4.5. First we need the
following two lemmas.
Lemma 5.4 Let E be a Fre´chet space and F ⊂ E be a dense subspace. Let φ : (0,∞)×E → C
be a continuous function which is linear in the second variable. Suppose that φ : (0,∞)×F → C
has a uniform asymptotic power series expansion then φ : (0,∞) × E → C has a uniform
asymptotic power series expansion.
Proof. Suppose that φ(t, f) ∼ ∑∞r=0 ar(f)tr. Then ar : F → C is linear and is continuous
for every r ∈ N. Since F is dense in E, for every r ∈ N, the function ar admits a continuous
extension to the whole of E which we still denote it by ar. Now fix N ∈ N. Then there exists
a neighbourhood U of E containing 0 and ǫ,M > 0 such that
|φ(t, f)−
N∑
r=0
ar(f)t
r| ≤MtN+1 for 0 < t < ǫ, f ∈ U ∩ F (5.15)
Since φ(t, .) and ar(.) are continuous and as F is dense in E, Equation 5.15 continues to hold
for every f ∈ U . This completes the proof. ✷
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Lemma 5.5 Let E1, E2 be Fre´chet spaces and let Fi : (0,∞) × Ei → C be continuous and
linear in the second variable for i = 1, 2. Consider the function F : (0,∞) × E1⊗ˆπE2 → C be
defined by F (t, e1 ⊗ e2) = F1(t, e1)F (t, e2). Assume that F is continuous. If F1 and F2 have
uniform asymptotic expansions then F has a uniform asymptotic power series expansion.
Proof. By Lemma 5.4, it is enough to show that F : (0,∞) × E1 ⊗alg E2 → C has a uniform
asymptotic power series expansion. Let θ : E1 × E2 → E1 ⊗alg E2 be defined by θ(e1, e2) =
e1⊗ e2. Consider the map G : (0,∞)×E1×E2 → C defined by G(t, e1, e2) := F (t, θ((e1, e2))).
By Lemma 2.2, it follows that G has a uniform asymptotic power series expansion say
G(t, e) ∼
∞∑
r=0
ar(e)t
r
The maps ar : E1 × E2 → C are continuous bilinear. We let a˜r : E1⊗ˆπE2 → C be the linear
maps such that a˜r ◦ θ := ar. Let N ∈ N be given. Then there exists ǫ,M > 0 and open sets
U1, U2 containing 0 in E1, E2 such that
|G(t, e) −
N∑
r=0
ar(e)t
r| ≤MtN+1 for 0 < t < ǫ, e ∈ U1 × U2 (5.16)
Without loss of generality, we can assume that Ui := {x ∈ Ei : pi(x) < 1} for a seminorm pi
of Ei. Now Equation (5.16) implies that
|F (t, θ(e)) −
N∑
r=0
a˜r(θ(e))t
r| ≤MtN+1 for 0 < t < ǫ, e ∈ U1 × U2 (5.17)
Hence for t ∈ (0, ǫ) and x ∈ θ(U1 × U2),
|F (t, x)−
N∑
r=0
a˜r(x)t
r| ≤MtN+1 (5.18)
Since a˜r is linear and F is linear in the second variable, it follows that Equation 5.18 continues
to hold for x in the convex hull of θ(U1×U2) which is nothing but the unit ball determined by
the seminorm p1 ⊗ p2 in E1 ⊗alg E2. This completes the proof. ✷
In the next proposition, we consider the stability of the weak heat kernel asymptotic ex-
pansion property for tensoring by smooth compacts.
Proposition 5.6 Let (A∞,H,D) be a spectral triple where the algebra A∞ is a smooth sub-
algebra of C∗ algebra. Assume that (A∞,H,D) has the topological weak heat kernel expan-
sion property with dimension p. Then the spectral triple (A∞⊗ˆπS(ℓ2(N)),H ⊗ ℓ2(N),D0 :=
(F ⊗ 1)(|D| ⊗ 1 + 1 ⊗ N)) also has the weak heat kernel asymptotic expansion property with
dimension p where F := sign(D).
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Proof. Let B∞ ⊂ B(H) be a ∗ subalgebra for which (1) − (6) of Definition 5.3 are satisfied.
We denote B∞⊗ˆπS(ℓ2(N)) by B∞0 . We show that B∞0 satisfies (1)− (6) of Definition 5.3. First
note that the natural representation of B∞0 in H ⊗ ℓ2(N) is injective. Thus (3) is clear. Also
(1) and (2) are obvious. Now let us now prove (4).
We denote the unbounded derivation [|D0|, .],[|D|, .] and [N, .] by δD0 , δD and δN respec-
tively. By assumption δD leaves B invariant and is continuous. It is also easy to see that
δN leaves S(ℓ2(N)) invariant and is continuous. Let δ′ := δD ⊗ 1 + 1 ⊗ δN . Then δ′ :
B∞0 → B∞0 is continuous. Clearly B∞ ⊗alg S(ℓ2(N)) is contained in the domain of δ and
δ = δ
′
on B∞ ⊗alg S(ℓ2(N)). Now let a ∈ B∞0 be given. Then there exists a sequence (an) in
B∞ ⊗π S(ℓ2(N)) such that (an) converges to a in B∞0 . Since δ
′
is continuous on B∞0 and the
inclusion B∞0 ⊂ B(H) is continuous, it follows that δD0(an) = δ
′
(an) converges to δ
′
(a). As δD0
is a closed derivation, it follows that a ∈ Dom(δD0) and δD0(a) = δ
′
(a). Hence we have shown
that δD0 leaves B∞0 invariant and is continuous. Similarly one can show that the unbounded
derivation d0 := [D0, .] maps A⊗ˆπS(ℓ2(N)) into B∞0 invariant in a continuous manner.
As F0 := sign(D0) = F ⊗ 1, (5) is clear. Consider the function τp : (0,∞) × B∞0 → C
defined by τp(t, b) := t
pTr(be−t|D0|). Then τp(t, b ⊗ k) = τp(t, b)τ0(t, k). Hence by Lemma 5.5,
it follows that τp has a uniform asymptotic power series expansion. This completes the proof.
✷
Now we consider the stability of the weak heat kernel asymptotic expansion under the
double suspension.
Proposition 5.7 Let (A∞,H,D) be a spectral triple with the topological weak heat kernel
asymptotic expansion property of dimension p. Assume that the algebra A∞ is unital and
the representation on H is unital. Then the spectral triple (Σ2(A∞),H ⊗ ℓ2(N),Σ2(D)) also
has the topological weak heat kernel asymptotic expansion property with dimension p+ 1.
Proof. We denote the operator Σ2(D) by D0. Let B∞ be ∗ subalgebra of B(H) for which
(1)−(6) of Definition 5.3 are satisfied. For f =∑n∈Z λnzn ∈ C(T), we let σ(f) :=∑n≥0 λnSn+∑
n>0 λ−nS
∗n. We denote the projection 1+F2 by P . We assume here that P 6= ±1 as the case
P = ±1 is similar. We let B∞0 to denote the algebra B∞⊗ˆπS(ℓ2(N)) as in Proposition 5.6. As
in Proposition 5.6, we let δD0 , δD, δN to denote the unbounded derivations [|D0|, .], [|D|, .] and
[N, .] respectively. Define
B˜∞ := {b+ P ⊗ σ(f) + (1− P )⊗ σ(g) : b ∈ B∞0 , f, g ∈ C∞(T)}
Then B˜∞ is isomorphic to the direct sum B∞0 ⊕C∞(T)⊕C∞(T). We give B˜∞ the Fre´chet space
structure coming from this decomposition. It is easy to see that B˜∞ is a Fre´chet ∗ subalgebra
of B(H ⊗ ℓ2(N)). Clearly (π ⊗ 1)(Σ2(A∞)) ⊂ B˜∞. Thus we have shown that (1) and (2) of
Definition 5.3 are satisfied. Since B∞0 is represented injectively on H⊗ ℓ2(N), it follows that B˜
satisfies (3).
22
We have already shown in Proposition 5.6 that B∞0 is closed under δD0 and is continuous.
Also we have shown that d0 := [D0, .] maps A⊗ˆπS(ℓ2(N)) into B∞0 continuously. Now note
that
δD0(P ⊗ σ(f)) = P ⊗ σ(if
′
)
δD0((1 − P )⊗ σ(g)) = (1− P )⊗ σ(ig
′
)
[D0, P ⊗ σ(f)] = P ⊗ σ(if ′)
[D0, (1 − P )⊗ σ(g)] = −(1− P )⊗ σ(ig′)
Thus it follows that δD0 leaves B˜∞ invariant and is continuous. Also, it follows that d0 := [D0, .]
maps Σ2(A∞) into B˜ in a continuous manner.
Since F0 := sign(D0) = F ⊗ 1, it follows from definition that F0 ∈ B˜∞. Now we show that
B˜∞ satisfies (6).
We have already shown in Proposition 5.6 that the function τp : (0,∞) ⊗ B∞0 → C defined
by τp(t, b) := t
pTr(be−t|D0|) has a uniform asymptotic power series expansion. Hence τp+1
restricted to B∞0 has a uniform asymptorm asymptotic power series expansion. Now note that
τp+1(P ⊗ σ(f)) = (
∫
f(θ)dθ)tpTr(Pe−t|D|)tT r(e−tN ) (5.19)
τp+1((1− P )⊗ σ(g)) = (
∫
g(θ)dθ)tpTr((1− P )e−t|D|)tT r(e−tN )) (5.20)
Now recall that we have assumed that A∞ is unital and hence P ∈ B∞. Hence tpTr(xe−t|D|)
has an asymptotic power series expansion for x ∈ {P, 1 − P}. Also tT r(e−tN ) has an asymp-
totic power series expansion. Now Equation 5.19 and Equation 5.20, together with the earlier
observation that τp+1 restricted to B∞0 has a uniform asymptotic power series expansion, imply
that the function τp+1 : (0,∞) × B˜∞ → C has a uniform asymptotic power series expansion.
This completes the proof. ✷
Remark 5.8 If we start with the canonical spectral triple (C∞(T), L2(T), 1
i
d
dθ
) on the circle
and apply the double suspension recursively one obtains the torus equivariant spectral triple for
the odd dimensional quantum spheres constructed in [4]. Now proposition 3.4 in [13] along with
Theorem 5.7 implies that the torus equivariant spectral triple on S2ℓ+1q satisfies the weak heat
kernel expansion. Also Theorem 5.7, along with Theorem 3.2, gives a proof of Proposition 3.9
in [13].
5.2 The equivariant spectral triple on S2ℓ+1q
In this section, we show that the equivariant spectral triple on S2ℓ+1q constructed in [5] has the
topological weak heat kernel asymptotic expansion. First let us recall that the odd dimensional
quantum spheres can be realised as the quantum homogeneous space. Throughout we assume
23
q ∈ (0, 1). The C∗ algebra of the quantum group SUq(n) denoted by C(SUq(n)) is defined as
the universal C∗ algebra generated by {uij : 1 ≤ i, j ≤ ℓ} satisfying the following conditions
n∑
k=1
uiku
∗
jk = δij ,
n∑
k=1
u∗kiukj = δij (5.21)
n∑
i1=1
n∑
i2=1
· · ·
n∑
in=1
Ei1i2···inuj1i1 · · · ujnin = Ej1j2···jn (5.22)
where
Ei1i2···in :=
{
0 if i1, i2, · · · in are not distinct
(−q)ℓ(i1,i2,··· ,in)
where for a permutation σ on {1, 2, · · · , n}, ℓ(σ) denotes its length. The C∗ algebra has the
quantum group structure with the comultiplication being defined by
∆(uij) :=
∑
k
uik ⊗ ukj
Call the generators of SUq(n− 1) as vij. The map φ : C(SUq(n))→ C(SUq(n− 1)) defined
by
φ(uij) :=
{
vi−1,j−1 if 2 ≤ i, j ≤ n
δij otherwise
(5.23)
is a surjective unital C∗ algebra homomorphism such that ∆ ◦ φ = (φ ⊗ φ)∆. In this way the
quantum group SUq(n − 1) is a subgroup of the quantum group SUq(n). The C∗ algebra of
the quotient SUq(n)/SUq(n− 1) is defined as
C(SUq(n)/SUq(n− 1)) := {a ∈ C(SUq(n)) : (φ⊗ 1)∆(a) = 1⊗ a}.
Also the C∗ algebra C(SUq(n)/SUq(n − 1)) is generated by {u1j : 1 ≤ j ≤ n}. Moreover the
map ψ : C(S2n−1q )→ C(SUq(n)/SUq(n− 1)) defined by ψ(zi) := q−i+1u1i is an isomorphism.
Let h be the Haar state on the quantum group C(SUq(ℓ+1)) and let L
2(SUq(ℓ+1)) be the
corresponding GNS space. We denote the closure of C(S2ℓ+1q ) in L
2(SUq(ℓ+1)) by L
2(S2ℓ+1q ).
Then L2(S2ℓ+1q ) is invariant under the regular representation of SUq(ℓ + 1). Thus we get a
covariant representation for the dynamical system (C(S2ℓ+1q ), SUq(ℓ + 1),∆). We denote the
representation of C(S2ℓ+1q ) on L
2(S2ℓ+1q ) by πeq. In [5] SUq(ℓ + 1) equivariant spectral triples
for this covariant representation were studied and a non-trivial one was constructed. It is
proved in [13] that the Hilbert space L2(S2ℓ+1q ) is unitarily equivalent to ℓ
2(Nℓ × Z × Nℓ) .
Then the selfadjoint operator Deq constructed in [5] is given on the orthonormal basis {eγ :
γ ∈ Nℓ × Z× Nℓ} by the formula Deq(eγ) := dγeγ where dγ is given by
dγ :=
{ ∑2ℓ+1
i=1 |γi| if (γℓ+1, γℓ+2, · · · , γ2ℓ+1) = 0 and γℓ+1 ≥ 0
−∑2ℓ+1i=1 |γi| else
24
In [13], a smooth subalgebra C∞(S2ℓ+1q ) ⊂ C(S2ℓ+1q ) is defined and it is shown that the spectral
triple (C∞(S2ℓ+1q ), L
2(S2ℓ+1q ),Deq) is a regular spectral triple with simple dimension spectrum
{1, 2, · · · , 2ℓ + 1}. Now we show that the spectral triple (C∞(S2ℓ+1q ), L2(S2ℓ+1q ),Deq) has the
topological weak heat kernel expansion.
We use the same notations as in [13]. Let A∞ℓ := Σ2ℓ(C∞(T)). It follows from Corollary
4.2.3 that C∞(S2ℓ+1q ) ⊂ A∞ℓ . let (C∞(S2ℓ+1q ), πℓ,Hℓ,Dℓ) be the torus equivariant spectral
triple. Let N be the number operator on ℓ2(Nℓ) defined by
Neγ := (
ℓ∑
i=1
γi)eγ
Let us denote the Hilbert space ℓ2(S2ℓ+1q ) by H. We identify Hℓ := ℓ2(Nℓ × Z) with the
subspace ℓ2(Nℓ × Z × {0}) and we denote the orthogonal complement in H by H′ℓ. Then
ℓ2(S2ℓ+1q ) = Hℓ ⊕H
′
ℓ. Define the unbounded operator Dtorus on H by the equation
Dtorus :=
[
Dℓ 0
0 −|Dℓ| ⊗ 1− 1⊗N
]
Then in [13], it is shown that Deq = Dtorus. We denote representation πℓ ⊕ (πe≪ ⊗ 1) of
C(S2ℓ+1q ) on H by πtorus.
Let T ∞ := Σ2smooth(C) and let T
∞
ℓ := T
∞⊗ˆT ∞⊗ˆ · · · ⊗ˆT ∞ denote the Fre´chet tensor
product of ℓ copies. The main theorem in [13] is the following.
Theorem 5.9 For every a ∈ C∞(S2ℓ+1q ), the difference πeq(a)− πtorus(a) ∈ OP−∞Dℓ ⊗ˆTℓ.
Let Pℓ :=
1+Fℓ
2 where Fℓ := Sign(Dℓ). We denote the rank one projection |e0〉〈e0| on ℓ2(Nℓ)
by P where e0 := e(0,0,··· ,0).
Proposition 5.10 The equivariant spectral triple (C∞(S2ℓ+1q ),H,Deq) has the topological weak
heat kernel expansion.
Proof. Let J := OP−∞Dℓ ⊗ˆT ∞ℓ . In [13], the following algebra is considered.
B :={a1Pℓ ⊗ P + a2Pℓ ⊗ (1− P ) + a3(1− Pℓ)⊗ P + a4(1− Pℓ)⊗ (1− P ) +R :
a1, a2, a3, a4 ∈ A∞ℓ , R ∈ J }
The algbera B is isomorphic to A∞ℓ ⊕ A∞ℓ ⊕ A∞ℓ ⊕ A∞ℓ ⊕ J . We give B the Fre´chet space
structure coming from this decomposition. In [13], it is shown that B contains C∞(S2ℓ+1q ) and
is closed under δ := [|Deq|, .] and d := [D, .]. Moreover it is shown that δ and d are continuous
on B. Note that Feq := Fℓ ⊗ P − 1 ⊗ (1 − P ). Hence by definition Feq ∈ B. Now note
that the torus equivariant spectral triple (A∞ℓ ,Hℓ,Dℓ) has the topological weak heat kernel
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asymptotic expansion. Thus it is enough to show that the map τ2ℓ+1 : (0,∞)×J → C defined
by τ2ℓ+1(t, b) := t
2ℓ+1Tr(be−t|Deq |) has uniform asymptotic expansion.
But this follows from the fact that (OP−∞Dℓ ,Hℓ,Dℓ) and (T ∞, ℓ2(N), N) have the topological
weak heat kernel expansion and by using Lemma 5.5. This completes the proof. ✷
Remark 5.11 The method in [13] can be applied to show that the equivariant spectral triple on
the quantum SU(2) constructed in [2] has the heat kernel asymptotic expansion property with
dimension 3 and hence deducing the dimension spectrum computed in [8]. It has been shown in
[3] that the isospectral triple studied in [16] differs from the equivariant one (with multiplicity
2) constructed in [2] only be a smooth perturbation. As a result it will follow that (Since the
extension B∞ for the equivariant spectral triple satisfying Definition 5.3 contains the algebra
of smoothing operators) the isospectral spectral triple also has the weak heat kernel expansion
with dimension 3.
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